The shape-memory alloy AuZn transforms martensitically (T M ¼ 65 K) from a cubic B2 (Pm " 3 3m) to a rhombohedral R-phase (P3) through softening of the TA 2 [110] phonon branch. We report elastic constants, specific heat, and thermal expansivity measurements through the transition. A large elastic anisotropy, A ¼ 9 at T M , associated with softening of the TA 2 [110] phonon branch accompanied with a volume change ÁV=V of 0.25% characterize the transition. We find that specific heat and thermal expansion are well represented by adding low-energy Einstein modes to the harmonic lattice. On the basis of these measurements, combined with established group-theoretical symmetry criteria, the freeenergy density is presented with atomic shuffle displacements as the primary order parameter, Q. We use this free-energy model to explain the atomic displacements in the R-phase.
Introduction
Martensitic transformations cut across many areas of science, ranging from organic chemistry to condensed matter physics. Among materials that undergo a martensitic transformation (except for steels), shape-memory alloys find the widest range of technological applications. In 1932, Ö lander discovered the remarkable physical properties of what became the first shape-memory alloy: near-equiatomic AuCd. 1, 2) This Hume-Rothery -phase alloy, 3:2 electron:atom intermetallic compound possesses a CsCl-type crystal structure (ordered body-centered cubic), Strukturbericht B2, space group 221 (Pm " 3 3m, O 1 h ), and Pearson cP2. As shown in Pearson's handbook, numerous and varied compounds assume this crystal structure. 3) Zener's studies on b.c.c. materials with low (110)½ " 1 110 shear resistance manifested in the Voigt elastic stiffness c 0 ¼ ðc 11 À c 12 Þ=2 and led to two principal conclusions. 4, 5) First, the low c 0 values correspond to high vibrational mode entropy S; thus they stabilize the b.c.c. crystal structure at high temperatures through the TS term in the Helmholtz free energy F ¼ E À TS. Second, at low temperatures, the TS term yields to the energy term E, and the b.c.c. structure transforms to a lowersymmetry structure. In the alkali metals such as Li and Na, these low-temperature crystal structures are f.c.c. and c.p.h. 6) In B2 alloys, the low-temperature crystal structures take many different forms. 7) For AuZn, the focus of the present study, the martensite crystal structure is trigonal with a 27-atom unit cell, related to the CsCl crystal structure by small displacements or shuffles. 8) Although the AuZn crystal structure is the same as that occurring in equiatomic AuCd, 9) the transition temperature is much lower. Therefore it seemed instructive to measure the thermodynamic properties and to assess AuZn within the context of other B2 shape-memory alloys. We proceed through a brief description of measurements in Section 2, a description of elastic constants, specific heat, and thermal expansion in Section 3, followed by Section 4 where a free-energy model for the B2-to-R martensitic transition is presented.
Measurements
Elastic constants were measured using resonant ultrasound spectroscopy (RUS), a method in which the complete elastic tensor is determined from a spectrum of the mechanical resonances. AuZn has three independent constants, which we take to be c 11 , c 44 , and c 0 . These constants are associated with the speeds of longitudinal waves propagating along [100], and shear waves along [110] with displacements along ½ " 1 110, respectively. The only contact between specimen and transducers is at corners and the surfaces are unconstrained. Therefore one can sweep through a martensitic phase transition despite the volume change at the transition.
Specific heat was measured using a thermal relaxation method and an adiabatic-pulse method. The specimen was thermally attached to a specimen platform with a thin layer of Apiezon N grease. The specific heat of the empty sample platform and the specific heat of Apiezon N grease were measured separately and subtracted from the total specific heat to obtain the specific heat of the sample. The performance of the calorimeter was rigorously tested with a variety of conditions and materials confirming its accuracy. 10) The coefficient of linear thermal expansion was measured in a three-terminal capacitive dilatometer. The specimen is held against a rigid fixed platform on the bottom and the top is in contact with a spring. The spring is attached to a lower capacitor plate, and this plate is located below an upper capacitor plate. As the specimen expands/contracts it changes the distance of the gap D between two capacitor plates. Because the temperature dependence of the capacitance includes contributions from the specimen and the cell, the cell effect is measured separately and subtracted. The performance of the cell was tested against Al and the measurements fell within 1% of the reference material. With this apparatus, the operative equation to obtain the thermal expansion is
Here L denotes the length of the specimen at room temper- 11) for a detailed description of sample preparation and elastic constant measurements, and to 10) for a description of specific heat measurement techniques.
Thermodynamic Properties

Elastic constants
In Fig. 1 , a Blackman diagram encapsulates the elastic constants of numerous B2-crystal-structure alloys. Plotting the reduced coefficients c 12 =c 11 and c 44 =c 11 eliminates the elastic-stiffness differences and emphasizes the interatomicbonding relationships. As emphasized previously, materials with similar interatomic bonding tend to cluster in the diagram.
12) First, we consider the implications of the Blackman diagram, Fig. 1 . With FeTi being the sole exception, all points cluster into a relatively small region, indicating similar interatomic bonding. Without exception, all materials show a positive Cauchy discrepancy: c 12 > c 44 . This departure from c 12 ¼ c 44 (a result of central interatomic forces) relates to three-body forces, or angular interatomic bonds. 13) All materials depart positively from elastic isotropy (A ¼ 1), AuCd being the extreme binary example. The highest anisotropies occur in the noble-metal alloys. Substituting Zn for Cd slightly decreases the anisotropy, while substituting Mg for Zn reduces the anisotropy further.
The limited evidence for this observation suggests a mass effect for the divalent species is responsible. A mass effect appears also in the monovalent species in the Cu-Ag-Au/Zn series. As mass increases, points move leftward on the Blackman diagram with little change in elastic anisotropy.
Basically c 44 decreases with respect to c 11 . Alternatively, this may be interpretable as an atomic-volume effect, conceivably as a volume difference between components A and B. Temperature moves the points only slightly. But, because cooling decreases c 0 and increases A, the points must move slightly upward. All the points occur in a region occupied usually by covalent compounds, away from the lower-left Blackman-diagram corner occupied by ionic compounds. 12) In some cases departure from the Cauchy condition c 12 ¼ c 44 signals covalency. Other thermodynamic properties such as de Haas-van Alphen effect in high-magnetic fields have made it possible to determine the role of conduction electrons in the AuZn transition. 14) In previous measurements, four equivalent Fermi surface nesting vectors were identified along the body diagonals of the cubic Brillouin zone. 15) These vectors correspond to c 0 . At the present time it is reasonable to speculate that a relationship exists between the direction of Fermi surface nesting vectors and the TA 2 [110] phonon branch. Coexistence of both the B2 and R Fermi surfaces at low temperatures suggests intrinsic phase separation in the bulk of the material. Ultrasonic pulse-echo measurements on AuZn in high magnetic fields show the acoustic de Haas-van Alphen effect (e.g., quantized oscillations in the speed of sound), confirming Fermi surface nesting. 16) Next, we discuss the temperature effects on various elasticconstant combinations as shown in Figs. 2(a) and (b). Darling and colleagues reported three of these (c 44 ; c 0 ; A). 11) Their goal was to focus mainly on the shear elastic constants and the Zener elastic anisotropy, noted above as key properties in affecting the martensitic transformation to a lower-symmetry phase. Schiltz and colleagues, using a pulse-echo method, also reported AuZn's complete c ij in the region 80 K T 300 K and found somewhat lower values.
17) The differences could arise from different CsCl ordering or from different Of the elastic constants shown, only c 44 shows a normal temperature dependence.
stoichiometry, which causes large changes in the elastic constants of AgZn 18) and CuZn. 19) Figure 2 (a) shows the following general features. As expected, c 44 increases upon cooling, consistent with the decrease in thermal energy, in agreement with normal-material behavior and with almost all simple theories, including the first fundamental cðTÞ theory given by Born in the 1920s. The slope depends mainly on the Grüneisen parameter , as predicted by Born's model and more-modern formulations. 20) The bulk modulus B ¼ ðc 11 þ 2c 12 Þ=3 increases with decreasing temperature, but less than expected. The [111] longitudinal modulus c L½111 ¼ ðc 11 þ c 12 þ 2c 44 Þ=2 is shown in Fig. 2(b) . Here the longitudinal-mode-dominated elasticconstant also increases during cooling as expected, but, like B, it increases only slightly, well below expectation. Thus, the near temperature invariance of the longitudinal modes suggests an internal degree-of-freedom change that leaves point-group symmetry unaffected; for example, focusing on Fuchs' classical quantum-mechanical calculations, Mott and Jones described how various energy terms make different contributions to c 44 , c 0 , and B.
21) The decreasing c 11 with decreasing temperature presents a real surprise and probably reflects a coupling with the decreasing c 0 mode. That only c 44 shows near-normal temperature dependence, while B, c 11 , and c L½111 show weak temperature dependences suggests strongly that these modes correspond to small Grüneisen parameters. This follows from Born's thermodynamic equation of state and from a result derived by Ledbetter:
Here, k B denotes the Boltzmann constant and V a atomic volume. Small Grüneisen parameters also imply small thirdorder elastic constants, and small elastic-constant/pressure changes, indeed small anharmonic properties in general. These properties include soundwave attenuation, thermal expansivity, thermal conductivity, adiabatic-isothermal differences.
Specific heat
Specific-heat measurements were undertaken to provide values of the change in specific heat ÁC and the entropy change ÁS at the transition temperature T M for the Landau free-energy model. The excess specific heat, C measured for compositions spanning the -phase (0:48 Zn 0:52), is shown in Fig. 3 . In this figure, the lattice specific heat has been subtracted from the total specific heat to show the shape of the transition. One striking difference between equiatomic AuZn and the off-shoichiometric alloys is the shape of the transition at T M . For AuZn the peak looks like a broadened first-order transition, nearly -like. Conversely the transitions for the off-shoichiometric samples are sharp -functions. Presumably the shapes of the transition are a result of intrinsic defects (triple defects and/or anti-structure defects).
23) These types of defects are known to exist over a wide range of compositions in the B2 structure. Self-difusion measurements using 65 Zn and 195 Au radioactive tracers provide experimental evidence for nonequilibrium vacancy defect structures for off-stoichiometric B2 AuZn. 24) Similar effects have been recently observed in the martensitic transition in the cubic Laves-phase intermetallic HfV 2 .
25)
Here the martensitic transition looks -like for the single crystal whereas the presence of grain boundaries changes the shape to a -like function. Unlike many other B2 alloys that exhibit shape-memory effect, no precursor phases were detected between room temperature and T M , and the transition temperature was found to increase with Zn addition.
To represent the lattice and electronic specific-heat measurements shown in Figs. 4 and 5, fits were made using a combination of the Debye and Einstein functions to represent optical mode functions for a harmonic lattice, and T for the electronic density of states contribution. In the Debye limit the electronic term and the Debye temperature Â D were obtained from a fit to the low-temperature expansion:
Here the required number of adjustable parameters for the lattice (B 3 ; B 5 ; B 7 ; B 9 ) increases with temperature. The electronic and lattice specific heats were fit over the temperature range 0:6 K T 5 K. A Debye temperature of 279 K, and a value of 0.46 mJ K À2 mol À1 were obtained from this fit. To estimate the lattice specific heat in the transition region, Â D and , obtained from the previous fit, were substituted into a Debye-Einstein function:
The Einstein temperature is Â E , the Debye temperature obtained from the fit to eq. 
Because measurements were made at constant pressure, and because the the harmonic lattice applies to constant volume measurements, a high-temperature Einstein term compensates for the upward shift of the specific heat near 300 K and for anharmonic effects. Although the contributions of low-energy modes, sometimes referred to as boson peaks, were originally represented numerically in AuZn, 11) boson peaks were later detected in the density-of-states in Cu-based shape-memory alloys 26) justifying the earlier assumption. The boson peaks are thought to arise from acoustic phonon modes associated with the TA 2 [110] phonon branch. Therefore these low-energy modes can be represented by a fraction n of Einstein modes as indicated in eq. (4) with a characteristic frequency ! E and the remaining modes described by a Debye representation with a cut off frequency ! D . This representation of the specific heat is shown in Fig. 5 . The fit representing the martensite phase, T 64 K is best observed by a C=T 3 versus log T plot. Because the atoms only shuffle into the R-phase (e.g., small deviations from the original B2-parent phase) it was not necessary to use different Debye terms above and below T M .
Thermal expansion and Grü neisen parameters
To provide an accurate transition temperature for the Landau free-energy model and further investigate the presence of the Einstein oscillators in AuZn, thermal expansion measurements were made through the transition. As shown below, the change in volume as a function of temperature can be related to the Einstein temperature Â E . In practice, one usually calculates the change in volume, ÁV=V by integration of the volume thermal expansivity :
Ledbetter gave a relationship for estimating ÁV=V and the elastic constants. 22) Although we give a brief outline of the derivation here, the reader is referred to 22) for a complete derivation. Using an extension of a statistical-mechanical model of solids, Slater gave an experession of the volume thermal expansivity :
Here k denotes Boltzmann's constant, h Planck's constant, B the bulk modulus, V o the total volume of a solid at absolute zero temperature, the vibrational frequency, and j the jth oscillator for a crystal containing N atoms, and i the Grüneisen parameter. Introducing Â E to account for an excess of acoustic modes as done in eq. (4) one has an expression of the volume expansivity
Following eq. (7) and integrating with respect to temperature we obtain Temperature (K) Fig. 5 The specific heat of AuZn over T 3 showing the individual contributions to the total heat capacity. The anomaly at 65 K clearly marks the martensitic transition. One sees that the boson peak is centered at 12.5 K, clearly in the R-phase.
The behavior of as measured through the martensitic transition is shown in Fig. 6(a) . The thermal hysteresis is unusually small (0.8 K) for a thermoelastic transition, and no precursor phases were detected above the transition. The volume change ÁV=V through the transition was obtained, shown in Fig. 6(b) . The fit of the measurements to Ledbetter's expression for the thermal expansion given in eq. (10) is shown for the martensite phase in Fig. 6(b) . From this fit one obtains Â E ¼ 94 K in favorable agreement with those obtained (e.g., C E1 , C E2 , C E3 in Fig. 5 ) from the specificheat measurements. Using this fit and taking the BðTÞ data from Fig. 2(a) the temperature dependence of the Grüneisen parameter is shown for the martensite phase in the inset Fig. 6(a) . A Grüneisen parameter near 2 with a small positive slope is within expectation. The abrupt rise in (inset of panel (a)) during cooling below 30 K indicates a further material change. In the martensitic phase, the Grüneisen parameter (the quintessential indicator of anharmonic behavior) shows a normal value ( near 2) just below T M . But at lower temperatures, increases abnormally, signaling some further internal material change. Therefore in light of the presence of the Boson peak in the specific heat and the thermal expansion measurements, it is reasonable to speculate that the upturn in below 30 K is evidence of a contribution from the Boson peak.
Free-Energy Representation
Using the above measurements we developed a phenomenological model for the cubic B2 to rhombohedral R martensitic transition in the AuZn system using a Landau expansion, which can also include a transformation temperature dependence on concentration.
We start with the results of Makita and colleagues 8) showing partial softening of TA 2 [110] phonon branch (AE 4 ) with a minimum at wave vector q ¼ martensite) transition in equiatomic AuCd and the pseudobinary Ti-Ni-M (M = Fe, Al, Cu) shape-memory alloys for which the Landau free energy has been studied previously. 27, 28) The primary order parameter (atomic shuffles) was identified as a six-component vector. Using a similar detailed symmetry analysis for AuZn we obtain a six-component complex order parameter with the intracellular distortion modes or shuffles as primary order parameter, and the secondary order parameter comprises three shears.
The total free energy is given by F ¼ FðQÞ þ FðeÞ þ FðQ; eÞ, where FðQÞ is the shuffle free energy (responsible for unit cell tripling along all the three directions and relative displacements between the gold and zinc atoms), FðeÞ is the elastic energy cost caused by shear strains responsible for a shape change from the cubic to rhombohedral structure, and F c ðQ; eÞ ¼ CeQ 2 is the coupling between the strain and shuffle modes (with a coupling constant C). By minimizing FðeÞ þ FðQ; eÞ with respect to strain we express strain as a function of Q.
28) Thus, it can be expressed solely in terms of Q. When this contribution is added to FðQÞ we get an effective free energy only in terms of Q with renormalized coefficients determined experimentally as discussed below. In terms of the primary order parameter Q, the full free energy reduces to the following triple-well general form for a single rhombohedral variant:
Here the constant a is determined from the slope of the soft phonon frequency as a function of temperature. The nonlinearity parameters b and c are obtained from the measured change in specific heat at constant pressure and change in entropy at the transition. The coefficient g, which determines the energy cost of creating an antiphase boundary between rhombohedral variants with different shuffles, is determined from the curvature of the phonon dispersion in the vicinity of the (1/3)[110] transverse acoustic branch. The general free energy leads to a phase diagram and the effective free energy function is shown in Fig. 7 at three different temperatures.
The shuffle order parameter Q measures the translational symmetry breaking in all the three directions, namely the B2 cubic cell transforms into a rhombohedral cell with unit cell tripling in the three directions. The low-temperature phase unit cell has 27 (3 Â 3 Â 3) trigonal cells with a different Free-Energy Density of the Shape-Memory Alloy AuZn 591 value of Q. The large trigonal cell can also be viewed as a hexagonal cell. 27) In the three curves depicting FðQÞ versus Q, the one above the transition temperature shows a global minimum at Q ¼ 0, i.e. no shuffle occurs in the parent B2 structure. The side local (or metastable) minima indicate the tendency of the material toward a shuffle instability. At the transition temperature the three minima are degenerate indicating the abrupt onset of finite shuffle amplitude at the first-order transition. Below the transition temperature the two degenerate minima with a finite value Q ¼ Q 0 imply the low-temperature trigonal phase with unit cell tripling. The degeneracy of the minima for Q ¼ Q 0 indicates that at low temperatures antiphase boundaries will exist between trigonal phases with different direction of the shuffle. The phonon dispersion for this shuffle driven transition is written as m! 2 ¼ aðT À T M Þ þ gk 2 , where m is the atomic mass, and a is the harmonic term coefficient of the free energy that changes sign at the transition. From the measured dispersion curves in the material, the intercept of the ! 2 versus k 2 curves gives the value of a whereas the slope provides the gradient coefficient g.
For AuZn the transition temperature is T 0 ¼ 65 K. The temperature at which the harmonic coefficient (a) would vanish, i.e. the relevant phonon would go completely soft, can be estimated in units of J/K from the temperature dependence of the [110] phonon.
8) The change in specific heat (at constant pressure) across the transition is measured to be ÁC ¼ 57:9 J/K mol. The change in entropy is measured to be ÁS ¼ 2:0 J/K mol. The two nonlinear coefficients b and c can be expressed in terms of these quantities:
Note that a ¼ m! 2 , where the mass density is 5:2 Â 10 30 kg/m 3 . The shuffle amplitude at the transition is readily estimated from Q 2 C ¼ 9b=8c. As discussed above, the gradient coefficient g is estimated from the phonon dispersion curve. The width of the antiphase boundary in proportional to ffiffiffiffiffiffiffiffiffi g=a 0 p , where the lattice parameter a 0 ¼ 0:3149 nm.
Conclusions
A Blackman diagram summarizes the elastic behavior among various B2 alloys. It reveals interatomic bonding effects, elastic anisotropy, and a departure from the Cauchy central-force condition c 12 ¼ c 44 . In this diagram, AuZn falls among the other noble-metal-base B2 alloys. From the diagram it is not possible to determine if an alloy will exhibit the shape-memory effect. Shape-memory alloys and their prerequisite martensitic phase transformation relate strongly to many familiar physical properties. Shape-memory effects require a principal prerequisite: (1) martensitic transformation that produces a set of phase-transformation twins with mobile (under mechanical or thermal stress) twin boundaries. 29) Subsequent research revealed two further prerequisites, both related to the elastic-stiffness coefficients: (2) A high value of the Zener elastic anisotropy ratio A ¼ c 44 =c 0 . Here, c 44 represents resistance to (100)½ " 1 100 shear. (3) A negative dc 0 =dT; that is, upon cooling c 0 decreases and elastic anisotropy increases. 30, 31) Fermi surface nesting and simultaneous phonon softening along the body diagonals suggests a possible cause of the anomalous temperature dependence of c 0 . The low transformation temperature, low thermal hysteresis, increasing transition temperature with Zn additions are some factors that separate AuZn from other shape-memory alloys. For AuZn, we focused on elastic constants, specific heat, and Grüneisen parameter. The Boson peak appears as a pronounced peak in C=T 3 versus T, centered at 15 K. It also appears in the thermal expansion measurements and is associated with a Â E ¼ 94 K. Presumably the Boson peak is associated with softening of the TA 2 [110] phonon branch. Based on the measurements we present a six-component shuffle as the primary order parameter and three shears as the secondary order parameter. The parameters of the freeenergy were estimated from the experimental values of change in specific heat, entropy and available phonon dispersion data. In addition to describing part of the phase diagram, we intend to use this free energy to study the mechanical behavior (stress-strain constitutive response) of this material.
